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Abstract - The Hybrid Cell In-Series (HCIS) model was employed to assess nutrient influx into River Ureje as a surface water 

quality monitoring tool. Other models struggled to predict solute transport due to difficulties in estimating the longitudinal 

dispersion coefficient and theoretical limitations. This led to the adoption of the HCIS model for predicting phosphorus movement 

in River Ureje. A mass balance approach was used to create a basic hybrid model comprising a plug flow cell and two fully 

mixed cells, all connected in series. This model was designed to simulate the first-order kinetic reaction of phosphorus, as well 

as advection and dispersion processes, to track nutrient movement from a single point source. Analytical solutions for the model 

and nutrient kinetics were derived using Laplace transformation and then implemented through the C-Sharp programming 

language. A user-friendly software was developed to forecast temporal and spatial fluctuations in nutrient concentration. The 

model's ability to predict phosphorus concentration was tested using both hypothetical data and field data collected from Ureje 

River from September 2023 to March 2024. Analytical solutions proved effective in estimating nutrient and solute movement 

within the river, verifying the model's accuracy. 

Keywords - River Ureje, Hybrid Cell in-Series Model, Phosphorus, Advection-Dispersion Equation model. 

1. Introduction 
Climatic changes and human activities contribute to 

increased nutrient pollution in rivers and streams, leading to 

deteriorating water quality and threatening ecosystems [1][2]. 

The Ureje River in Ado Ekiti faces similar challenges, which 

concern Afe Babalola University (ABUAD) as the institution's 

growing population and infrastructure require a reliable water 

supply. Currently, the university’s groundwater sources are 

insufficient, necessitating research into alternative water 

sources, such as surface water, within the university’s 

boundaries. This research involves continuous monitoring of 

nutrient pollutants, which is essential for designing a reservoir 

and water treatment facility. While nutrients are necessary for 

aquatic life, excessive amounts can cause problems like 

eutrophication, which negatively impacts biodiversity, 

drinking water quality, and recreational water use [3], [4]. 

Over-enrichment of nutrients can also lead to harmful algal 

blooms that produce toxins, contaminate drinking water, and 

diminish the aesthetic quality of rivers [5], [6] classified 

nutrient pollutants into conservative pollutants, which do not 

degrade but may change in form, and non-conservative 

pollutants, which degrade over time. Existing water quality 

models have struggled to predict solute transport, particularly 

due to challenges in estimating the longitudinal dispersion 

coefficient and other theoretical limitations [5]. These 

shortcomings create inconsistencies in the simulation of 

pollutant transport and hinder effective water quality 

management. Many traditional models, like the Streeter and 

Phelps model, have been found inadequate for modern 

applications involving complex nutrient dynamics in rivers 

[7]. In response, Ghosh developed the Hybrid Cell in Series 

(HCIS) model in 2004, which improves on earlier models [8], 

[9]. This research adopts the Hybrid Cell in-Series (HCIS) 

model, a more robust approach for predicting phosphorus 

movement in rivers. The HCIS model overcomes the 

limitations of previous models by combining a mass balance 

approach with a hybrid design, which consists of a plug flow 

cell and two fully mixed cells arranged in series. This model 

accurately simulates first-order kinetic reactions of 

phosphorus along with advection and dispersion processes. 

Furthermore, the use of analytical solutions derived through 

Laplace transformation and implemented via the C-Sharp 

programming language enhances the model’s predictive 

accuracy to simulate phosphorus transport in the Ureje River, 

which runs through Afe Babalola University. The Ureje River 

flows through the city of Ado Ekiti, including the campus of 

Afe Babalola University, before ultimately draining into the 

Ogbesse River near the Ado/Afao Road (Figure 1).

http://www.internationaljournalssrg.org/
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Fig. 1 Map of Ureje River as it flows through ABUAD University 

Property (Copied from Google Earth Map) 

 
Fig. 2 A conceptualized hybrid unit of Hybrid Cells in a Series Model 

[13] 

Excessive phosphorus in the Ureje River has significant 

environmental and ecological consequences [10]. Phosphorus 

is a key contributor to eutrophication, where nutrient over-

enrichment stimulates excessive algae growth [11]. This leads 

to oxygen depletion, creating dead zones that disrupt aquatic 

life [4]. Harmful algal blooms (HABs), often triggered by high 

phosphorus levels, produce toxins that contaminate drinking 

water, harm aquatic organisms, and affect recreational use [2]. 

Phosphorus pollution degrades water quality, making it 

unsuitable for consumption and irrigation while complicating 

water treatment processes [12]. This pollution can result in a 

decline in biodiversity as aquatic species struggle to survive in 

low-oxygen conditions. For Afe Babalola University 

(ABUAD), which depends on the river for water resources, 

excessive phosphorus increases the cost and complexity of 

water management. Addressing phosphorus pollution is vital 

to preserve the river's ecosystem and maintain water quality 

for both the university and surrounding communities. 

2. Theoretical Analysis 
2.1. Development of a Conceptual Hybrid Cell-in-Series 

Model with Integrated Phosphorus Nutrient Equation" 

The Hybrid Cell-in-Series (HCIS) model developed by  

Ghosh in 2004 was to address the limitations of the 

conventional Cell-in-Series (CIS) and Advection Dispersion 

Zone (ADZ) models, specifically in their ability to simulate 

pollution transport pathways effectively [6], [13], [14] As 

illustrated in Figure 2, the HCIS model consists of a sequence 

of hybrid units designed better to replicate the behavior of 

pollutants in water bodies.  

Each hybrid unit comprises a plug flow cell, which 

simulates uniform pollutant movement, and two fully mixed 

cells that represent areas of complete mixing. These units are 

arranged in series to provide a more accurate representation of 

the pollutant transport dynamics. 

The notion of water quality mass balancing equation 

created for the phosphorus concentration in the component of 

the HCIS model under steady-state conditions underpins the 

derivative of the model to be coupled with the first-order 

kinetic reaction of the phosphorus reaction. The first-order 

kinetic equation of phosphorus concentration is represented by 

the differential equation below (Vesientutkimuslaitoksen, 

1982) 
𝑑𝐶𝑝

𝑑𝑡
+

𝜇𝑑𝐶𝑝

𝑑𝑥
= (−𝜇 + 𝜌)𝛼1𝐴 + 𝛼𝑝 𝐶𝑝(x,t)               (1) 

In this model, x represents the distance along the river 

(m), t is the time (sec), and Cp is the phosphorus concentration 

(mg/L) Figure 3. The algae growth rate coefficient is (day−1), 

z is the mean stream depth (m), and fp is the phosphorus 

fraction of algal biomass. Ag is the algal biomass 

concentration (mg/L) and is the algae respiration rate 

coefficient (day−1), which increases phosphorus in the water 

column.  

The first term of the equation models phosphorus uptake 

by phytoplankton and its conversion to orthophosphate via 

respiration. The second term describes phosphorus input from 

algae respiration and nutrient uptake by algae. The third term 

represents phosphorus release from benthic processes. The 

rate of change in algal biomass is governed by the following 

differential equation [8]. 

 
𝜕𝐴𝑔(𝑡)

𝜕𝑡
= (𝜇 − 𝜌)𝐴𝑔(𝑡)               (2) 

The model development focuses on a river reach 

composed of hybrid components, each including a plug flow 

cell and two well-mixed cells connected in series with 

different residence times (T1, T2, T3). At time t = 0, the 

phosphorus concentration ranges from zero to CR. The plume 

in the plug flow cell is replaced over time T1, calculated as the 

cell volume divided by the flow rate. As phosphorus moves 

downstream, a fraction is lost due to bacterial absorption and 

algae conversion.  

The first well-mixed cell has a residence time of T2, and 

after mixing, the fluid enters the second well-mixed cell (T3). 

Phosphorus transport follows first-order reactions in plug flow 

with minimal dispersion, while advection-dispersion occurs in 

the well-mixed cells. The system is modeled as a series of 

hybrid cells to estimate phosphorus levels in the river.  
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Fig. 3 The Process of Phosphorus Pollutant Concentration through a Hybrid Unit 

2.2. Phosphorus Dynamics in a Plug Flow Cell 

Figure 4 illustrates a control volume (V) where a non-

conservative phosphorus pollutant is transported downstream 

within a plug flow cell. In this setup, the phosphorus solute 

moves without altering its concentration, represented as Cp at 

any location (x, t). Phosphorus undergoes eutrophication, 

transforming into orthophosphate and being partially absorbed 

by algae, which reduces its concentration. Algal respiration 

and benthic phosphorus release also add to the phosphorus 

levels in the water. The remaining pollutant then flows into 

the subsequent control volume. Algal biomass further depletes 

dissolved oxygen, impacting overall water quality. Under 

steady-state conditions, a mass balance for the phosphorus 

pollutant is established using a second-order partial 

differential equation. The final concentration of phosphorus is 

measured in the effluent of the plug flow cell, offering 

essential insights into pollutant dynamics within the water 

system. 

 
Fig. 4 The process of concentration of Phosphorus pollutant through a 

plug flow cell 

Equation (1) is solved with the initial and boundary 

conditions such as Cp (x,0) = 0 for x > 0; Ca (0, t) = CR for t ≥ 

0; Cp (T1u, t) = 0 for 0 < t < T1.  

The algae biomass equation in Eq. (3) has a solution 

shown below.              

𝐴𝑔 (t) = 𝐴𝑜 𝑒
(𝜇−𝜌)𝜏                (3) 

The above equation can be modified to express Ag (x, t) 

for a constant initial (A0) at a distance of x to a control volume 

within the plug flow cell. 

𝐴𝑔 (t) = 𝐴𝑜 𝑒
(𝜇−𝜌)(𝑡−

𝑥

𝑢
)              (4) 

Taking Laplace transform of each term in Equation (1) 

and rearranging 

𝑑𝐶𝑝

𝑑𝑥
=

(𝑆+∝𝑝)   

𝑢
𝐶𝑝 + (𝜌 − 𝜇)𝛼1𝐴𝑙−(𝜇−𝜌)

𝑥
𝜇

+
𝛾𝑝

𝑈𝑍
                 (5) 

Solving Equation (5) with differential equation and taking 

the inverse Laplace Transformation at the end of plug flow. 

𝐶𝑃1(𝑥, 𝑡) =

[
[𝐶𝑅𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1] + [(𝜌 − 𝜇)𝛼1𝐴∘ℓ
−(𝜇−𝜌)𝑇1{𝜑}] − [(𝜌 − 𝜇)𝛼1𝐴∘𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1{𝜙}]

− [
𝑌𝑃

𝑍
𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1{𝜓}]
]  

Where                      
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∅ = (
1

𝛼𝜌
(ℓ−(𝜌−𝜇)𝑡 − ℓ−(∝𝜇+𝜌−𝜇)𝑡) + (

𝛾𝑝

𝑧
{
1

𝛼𝑝
(ℓ−𝛼𝑝𝑡)} 

Ψ= {(
1

𝛼𝜌
(ℓ−(𝜌−𝜇)𝑡−𝑇1)} − {ℓ−(∝𝜇+𝜌−𝜇)𝑡−𝑇1) 

ϕ= {(
1

𝛼𝜌
ℓ−𝛼𝑝(𝑡−𝑇1)………………………………………. (6) 

Pollutant at the end of Plug Flow 

The concentration of phosphorus pollutant at the end of 

the plug flow cell is obtained as follows by solving Equation 

(6) using the inverse Laplace transform and is valid for t T1. 

𝐶𝑎,1(𝑇1𝑢, 𝑡) = 𝐶𝑅𝑈(𝑡 − 𝑇1)𝑒
−𝑘𝑎𝑇1 − [

𝜌𝛼𝐴𝑜−𝐹𝛼𝜇𝐴𝑜

𝑘𝑎
𝑈(𝑡 −

𝑇1)𝑒
−𝑘𝑎𝑇1 − 1] (𝑒−(𝜌−𝜇)(𝑡−𝑇1)) −

𝛿3𝑒−𝑘𝑎𝑡

𝑑.𝑘𝑎
[(𝑈(𝑡 − 𝑇1) − 1)]                                                                       

(7) 

Where U (t-T1) is the step function. 

2.3. Phosphorus Concentration Derivation in the First Fully 

Mixed Cell 

Pollutants move a distance (T1u) from the plug flow cell 

into the first well-mixed cell, as shown in Figure 5. The filling 

time (T2) for this first well-mixed cell is determined by 

dividing the cell's volume (V2) by the flow rate (Q). In this 

cell, phosphorus pollutants start to break down, with part of 

the phosphorus concentration being reduced as it converts to 

orthophosphate through nitrification and is utilized by algae. 

Additionally, algal respiration and phosphorus release from 

benthic sediments further contribute to the total phosphorus 

concentration in the water. The phosphorus concentration in 

the first well-mixed cell is then calculated based on mass 

balance. 

 𝐶𝑝1 𝑄∆𝑡 − 𝐶𝑝2𝑄∆𝑡 + (𝜌 − 𝜇)𝛼1𝐴𝑣2𝑄∆𝑡 +
𝛾𝑝𝑉2∆𝑡

𝑍
−

𝛼𝜌𝐶𝑝2𝑉2∆𝑡 = 𝑉2∆𝐶𝑝2               (8) 

 
Fig. 5 The process of concentration of phosphorus pollutants through 

the first well-mixed cell 

The first term on the left side represents the mass exiting 

the plug flow cell. The second term accounts for the mass 

leaving the well-mixed cell, while the third term describes the 

conversion of phosphorus into orthophosphate via 

nitrification. The fourth term represents phosphorus input due 

to algal respiration and uptake by algae. The fifth term 

indicates orthophosphate release from the benthic 

environment. The right side of the equation captures the 

change in mass within the cell. Equation (8) is then 

reformulated in differential form and solved, yielding the 

phosphorus concentration at the end of the first well-mixed 

cell in Equations (9) and (10). 

                      (9) 

Solving this equation using a differential equation and the 

following solution was obtained at the end of the first well 

mixed cell. 
𝐶𝑃2 =

[
 
 
 
 
 
 
 
 
 
 [

𝐶𝑅𝑈(𝑡−𝑇1)ℓ−𝛼𝑝𝑇1

(1+𝛼𝑝𝑇2)
] + [(𝜌 − 𝜇)𝛼1𝐴∘ℓ

−(𝜇−𝜌)𝑇1
1

𝛼𝑝
{𝛽}]

+ [
𝑌𝑃

𝑍
{𝜒}] − [(𝜌 − 𝜇)𝛼1𝐴∘𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1{𝛿}] − [
𝑌𝑃

𝑍
𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1ℓ(𝑡−𝑇1)𝛼𝑝]

+ [
(𝜌−𝜇)𝛼1𝐴∘𝑇2

(1+𝛼𝑝𝑇2)
] + [

𝑌𝑃𝑇2

𝑍(1+𝛼𝑝𝑇2)
] − [

𝐶𝑅𝑈(𝑡−𝑇1)ℓ−𝛼𝑝𝑇1ℓ
(
1+𝛼𝑝𝑇2

𝑇2
)(𝑇1−𝑡)

(1+𝛼𝑝𝑇2)
]

− [(𝜌 − 𝜇)𝛼1𝐴∘ℓ
−(𝜇−𝜌)𝑇1

1

𝛼𝑝
{𝛾}] − [

𝑌𝑃

𝑍
{𝜋}] + [(𝜌 − 𝜇)𝛼1𝐴∘𝑈(𝑡 − 𝑇1)ℓ

−𝛼𝑝𝑇1{𝜀}]

+ [
𝑌𝑃

𝑍
𝑈(𝑡 − 𝑇1)ℓ

(
1

𝑇2
)(𝑇1−𝑡)

ℓ𝛼𝑝] − [
(𝜌−𝜇)𝛼1𝐴∘𝑇2ℓ

(
1+𝛼𝑝𝑇2

𝑇2
)(𝑇1−𝑡)

(1+𝛼𝑝𝑇2)
] − [

𝑌𝑃𝑇2ℓ
(
1+𝛼𝑝𝑇2

𝑇2
)(𝑇1−𝑡)

𝑍(1+𝛼𝑝𝑇2)
]
]
 
 
 
 
 
 
 
 
 
 

 

(10) 

Whereby 

𝛽 = [
ℓ
−

(𝑇2𝜌−𝑇2𝜇)𝑡
𝑇2

(1 + 𝛼𝑝𝑇2 − 𝑇2𝜌 + 𝑇2𝜇)
−

ℓ
(𝜌+𝜇)

𝑇2 ℓ−(𝛼𝑝)𝑡

(1 − 𝑇2𝜌 + 𝑇2𝜇)
] 

𝜒 = [
1

𝛼𝑝
ℓ−(𝛼𝑝)𝑡] 

𝛿 =

[
 
 
 

(

 

1
𝛼𝑝

ℓ
(𝑇2𝜌−𝑇2𝜇)𝑡

𝑇2 ℓ−(𝜌−𝜇)𝑇1

(1 + 𝛼𝑝𝑇2 − 𝑇2𝜌 − 𝑇2𝜇)

)

 

− (
ℓ−(𝜌+𝜇)𝑡 ⋅ ℓ−(𝛼𝑝)𝑡

(1 − 𝑇2𝜌 + 𝑇2𝜇)
ℓ−(𝛼𝑝+𝜌−𝜇)𝑇1)

]
 
 
 

 

𝛾 = [
ℓ
(
1+𝛼𝑝𝑇2

𝑇2
)(𝑇1−𝑡)

ℓ−(𝜌−𝜇)𝑇1

(1 + 𝛼𝑝𝑇2 − 𝑇2𝜌 + 𝑇2𝜇)
−

ℓ
(1−𝑇2𝜌+𝑇2𝜇)𝑇1

𝑇2 ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

(1 − 𝑇2𝜌 + 𝑇2𝜇)
] 

𝜋 = [
1

𝛼𝑝
ℓ
(

1

𝑇2
)𝑇1

ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

]                                               (11) 

Equation (11) is the concentration of Phosphorus at the 

end of the first mixing cell. 

2.4. Phosphorus Derivative in the Second Mixed Cell 

The second mixed cell, as depicted in Figure 6, is thought 

to have a filling time of (T3). The inflow to the second well-

mixed cell is equal to the outflow from the first well-mixed 

cell.  

 

This cell is also where the phosphate pollutant decays and 

the phosphate concentration is added. The following is the 

mass balance in the second mixed cell. 

( )
Z

Y
A

T

C

T

T
C

dt

dC ppp

P
P +−+=







 +
+ 1

2

1

2

2

2
2

1






Ayeni. A.T  et al. / IJRES, 11(5), 193-205, 2024 

 

197 

 
Fig. 6 The process of concentration of phosphate pollutant through the 

second well-mixed cell 

The mass entering the cell is the first term on the left, the 

mass leaving the cell is the second, and the mass due to algal 

death and respiration is the third term. The mass attributable 

to benthic phosphate release in the water column is the last 

phrase on the left side. To find the step response function for 

phosphorus concentration at the end of the first hybrid unit, 

write Equation (11) in first order differential form, as given in 

Equation (12), and solve it. 
𝑑𝐶𝑝2

𝑑𝑡
+ 𝐶𝑝2 (

1+ 𝑇2 ∝𝜌

𝑇2
) =

𝐶𝑝1

𝑇2
+ (𝜌 − 𝜇)𝛼1𝐴 +

𝛾𝑝

𝑧
…… (12) 

Equation (11) was substituted to Equation (12) and solved 

with the integration method to determine the step response 

function for phosphate concentration at the end of the first 

hybrid unit. 

Where 

𝐼 = (
𝑇2ℓ

(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡ℓ

(𝜌−𝜇)𝑇1𝑇2ℓ
(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ−
(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

ℓ
(𝜌−𝜇)𝑇1

(1 + 𝑇2𝛼𝑝)(1 + 𝑇3𝛼𝑝)(1 + 𝑇2𝛼𝑝 − 𝑇2𝜌 + 𝑇2𝜇)
)

− (
𝑇2ℓ

(
1−𝑇2𝜌+𝑇2𝜇

𝑇2
)𝑇1

ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

(1 − 𝑇2𝜌 + 𝑇2𝜇)(1 + 𝛼𝑝𝑇2)(1 + 𝛼𝑝𝑇3)
) 

𝐽 = (ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

− ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

) 

𝐾 = (
𝑇2ℓ

(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

𝛼𝑝(1+𝑇2𝛼𝑝−𝑇2𝜌−𝑇2𝜇)(1+𝑇2𝛼𝑝)(1+𝑇3𝛼𝑝)
{ℓ−(

1+𝛼𝑝𝑇2
𝑇2

)𝑡
−

ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

})…. 

𝐿 = (ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

− ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1

ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

).. 

𝑀 = (ℓ−(
1

𝑇2
)𝑡

ℓ𝛼𝑝 − ℓ−(
1

𝑇2
)𝑇1

ℓ𝛼𝑝ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

)………… 

               𝑁 = (ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

− ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1ℓ

(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

) 

𝑂 = (ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑡

− ℓ−(
1+𝛼𝑝𝑇2

𝑇2
)𝑇1ℓ

(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

) 

𝑃 = (1 − ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

) 

𝑄 = (1 + ℓ
(
1+𝛼𝑝𝑇3

𝑇3
)(𝑇1−𝑡)

)                       (13)    

Equation (13) is used to forecast the fate of phosphorus 

pollutants that are transported due to phosphorus oxidation to 

nitrite, the algae process, and the benthic release of 

orthophosphate nitrogen. 

3. Materials and Methods 
3.1. Materials 

River Ureje served as the study site for monitoring 

nutrient influx, mainly phosphorus concentrations, as part of 

the surface water quality analysis. Field data, including 

phosphorus measurements and other river morphological 

information, were collected from the river between September 

2023 and March 2024. Additionally, hypothetical data were 

generated to evaluate the model’s predictive capabilities in 

controlled environments. Analytical solutions were developed 

using the C-Sharp programming language to create user-

friendly software for simulating and predicting nutrient 

concentrations. The Laplace transformation was applied to 

derive these solutions, enabling the modeling of phosphorus 

transport and kinetics. 

The Hybrid Cell-in-Series (HCIS) model was composed of 

three main components: 

• Plug Flow Cell: Simulates the advection and dispersion 

of phosphorus. 

• Two Fully Mixed Cells: Connected in series to model the 

kinetic reactions of phosphorus in the river. 

• Nutrient Kinetics Analysis: Utilized a first-order kinetic 

reaction framework to represent phosphorus behavior 

within the system.  

3.2. Methods 

The Hybrid Cell-in-Series (HCIS) model was developed 

using a mass balance approach to simulate phosphorus 

transport and reactions in River Ureje. This model comprises 

a plug flow cell followed by two fully mixed cells, all 

connected in series. The plug flow cell was designed to 

represent the processes of advection and dispersion, while the 

fully mixed cells simulate the kinetic reactions of phosphorus 

within the river system. To account for the natural 

transformation and decay of phosphorus as it moves through 

the water, a first-order kinetic reaction was integrated into the 

model. 

To solve the model and predict phosphorus behavior, 

Laplace transformation was employed. This mathematical 

approach allowed the derivation of analytical solutions that 

describe the phosphorus dynamics in terms of advection, 

dispersion, and nutrient kinetics. These analytical solutions 

were then implemented in user-friendly software and 

developed using the C-Sharp programming language. The 

software was capable of forecasting both temporal and spatial 

fluctuations in phosphorus concentrations within the river, 

serving as a valuable tool for the ongoing monitoring and 

management of surface water quality. 
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Fig. 7 The description of the sampling points within Afe Babalola 

University Ado Ekiti (ABUAD) 

The accuracy of the HCIS model was validated through a 

two-pronged approach. Hypothetical data were first used to 

test the model’s predictive capabilities under controlled 

scenarios, followed by validation with real-world field data. 

The field data were collected from eight strategic sampling 

locations along River Ureje over several months, concluding 

on 11th September 2023 to 4th March 2024. The model’s 

predictions were compared with the observed phosphorus 

concentrations in the river, and the results confirmed the 

model’s effectiveness in simulating the transport of 

phosphorus within a natural river system. This validation 

demonstrated that the HCIS model is a reliable tool for 

predicting nutrient movement and can be instrumental in water 

quality management. 

3.3. The Hybrid Model Parameters and Setup 

The residence period of pollutants in a hybrid unit of the 

HCIS model T1, T2, and T3 can be calculated. These 

characteristics, which are dependent on the dispersion 

coefficient and hybrid unit size, have been tested to satisfy the 

Peclet number (𝑃𝑒 =
𝛥𝑥𝑢

𝐷𝐿
≥  4). According to the sampling 

points depicted in Figure 7, the selected stretch of the Ureje is 

divided into eight reaches. Each reach will be subdivided into 

eight hybrid units, each with its own unit size (Δx) and model 

parameters (see Figure 8).  

The initial stage in using this hybrid model to assess the 

amount of nutrients in the river is to estimate the size of each 

unit (Δx), which is affected by the longitudinal dispersion 

coefficient (DL), mean flow velocity, and peclet number (Pe). 

As a result, Δx will be chosen in such a way that (Pe =∆x u / 

DL) must be equal to or greater than 4. (Ghosh et al., 2004; 

Kumarasamy et al., 2011). By dividing the length of each 

reach (RL) by the projected hybrid unit size(x), the number of 

hybrids required between two of the selected spots on the 

reach will be calculated: 

𝑛 =
𝑅𝐿

𝛥𝑥
                                                          (14) 

The empirical approach established by Etemad-Shahidi 

and Taghipour (2012) to determine the DL is shown in Eqs. 

15 – 16 below. The fluid properties, channel geometrics, and 

hydraulic features of the reaches all influence these equations. 

They're also crucial characteristics for estimating the 

distribution of solute concentration in a body of water. 

If W/ H ≤ 30.6,  

𝐷𝐿 = 15.49 (
𝑊

𝐻
)

0.78

(
𝑢

𝑈∗
)

0.11

∗ 𝐻𝑈∗            (15) 

Else if greater, 

𝐷𝐿 = 14.12 (
𝑊

𝐻
)

0.61

(
𝑢

𝑈∗
)

0.85

∗ 𝐻𝑈∗             (16)  

 
Fig. 8 Schematic diagram of Ureje River illustrating the number of 

Hybrid units between the study area reaches the size of hybrid units ( 
(∆𝒙) between sampling points taking from SP4 to SP5 

Table 1. Model parameters and flow characteristics of ureje river during the research period 
 REACHES  

River properties/ HCIS model 

parameters 
SP1 – SP2 SP2 – SP3 SP3 – SP4 SP4 – SP5 SP5 – SP6 SP6 – SP7 SP7-SP8 

L(m) 2800 1750 2540 1550 2200 1650 1850 

Pe 5 5 5 5 5 5 5 

u(m/s) 0.45 0.55 0.5 0.43 0.6 0.4 0.45 

DL (m2/s) 25.38 25.86 27.48 30.26 22.69 22.25 25.34 

∆x (m) 282 235 276 352 189 278 280 

T1 (s) 125.33 190.96 202.92 223.48 167.58 164.28 125.33 

T2 (s) 234.43 238.7 253.65 279.36 209.48 205.35 234.43 

T3 (s) 515.11 525.15 558.03 614.59 460.87 451.78 515.11 

Number of hybrid units 10 8 10 5 12 6 7 
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The Ureje River provided the phosphorus data for this 

study. The first sample point was used to assess flow 

characteristics, average channel geometry, and the dispersion 

coefficient for the initial river reach. After calculating the 

values of DL and ∆x, the model parameters T1, T2, and T3 

were estimated using Equations (15) to (17). Table 2 presents 

the Peclet number (Pe), longitudinal dispersion coefficient 

(DL), hybrid unit size (∆x), model parameters (T1, T2, T3), 

and the total number of hybrid units used. These parameters 

were then applied in the HCIS model to estimate the results.     

4. Results And Discussion 
4.1. Testing of Phosphorus Transport with Synthetic Data 

The suggested model was initially validated using 

synthetic data to investigate the HCIS-P model's responses for 

a specific data set. The empirical equations for a given value 

of u and DL that fulfills the Peclet number Pe 4 were used to 

calculate the model parameters (T1, T2, and T3) (Gosh,2001). 

The impacts of phosphorus uptake by algae and the respiration 

rate of algae, as well as the precipitation of phosphorus to 

inorganic sediment, were considered when simulating the 

Phosphorus pollutant in the river at various places along the 

flow direction using the established model. In addition, the 

model showed the effect of the rate of phosphorus release from 

the sediment. Some kinetic and chemical characteristics were 

estimated from the literature by Brown and Barnwell (1987), 

and their values are given in Table 3. 

Real but random river geometry is used to generate data 

sets. Using equations, the data is used to calibrate the size of 

each hybrid unit and estimate the resident duration T1, T2, and 

T3 in each hybrid cell (3.1 - 3.3). The phosphorus 

concentration value for the point source influent (CR) is set to 

1.0 mg/l. The HCIS-P model was used to simulate phosphorus 

concentration using synthetic data before modeling observed 

and simulated ammonia concentration for the Ureje River. 

Two distinct orthophosphate precipitation rate coefficients 

(0.001 and 0.005 per minute) were employed in this study to 

examine the effectiveness of the proposed model on 

phosphorus concentration simulation while keeping the other 

model parameters constant. The findings of each hybrid unit 

at varied orthophosphate concentrations at the end In order to 

understand the influence of the parameter on phosphorus 

concentration using the new model, the precipitation rate 

coefficients are compared. T1, T2, and T3 are the residence 

time parameters necessary to execute the HCIS- P model. T1= 

1.7min, T2 = 2.3min, and T3 = 6.0min are the model 

parameters utilized, which were taken from Ghosh et al. 

(2008). The size of each hybrid unit was decided to be Δx = 

200m, and the Peclet number was chosen to be 6, which meets 

the Peclet number criterion Pe ≥ 4 (Kumarasamy, 2007). The 

reach is 1600 meters long and is made up of eight hybrid units. 

The model's performance takes into account parameters such 

as residence time, orthophosphate precipitation rate 

coefficient, algal growth and respiration rate, algal biomass 

supply, and rate of phosphorus release from the algae in the 

sediment and initial phosphorus concentration. Simulated unit 

step and impulse responses at the conclusion of each hybrid 

unit are plotted and examined at orthophosphate precipitation 

rate coefficients of 0.001 and 0.005 per minute. The 

phosphorus concentration vs time curve depicts the behavior 

of phosphorus concentration as time passes. The pace at which 

phosphorus decays is determined by the orthophosphate 

precipitation rate coefficient and the concentration of 

phosphorus is therefore simulated along a series of hybrid 

units. 

Figure 9 shows the computed response of the unit step 

function at the end of the first hybrid unit. The outcome of 

phosphorus concentration over time for different values of 

orthophosphate precipitation rate coefficient αp (0.001 and 

0.005 per min), with all other parameters held constant, is 

shown in the picture. It's possible the rate of transmission of 

phosphorus pollutants in the water body as it flows 

downstream is affected by variations in the orthophosphate 

precipitation rate coefficient (αp). The sewage from the lower 

value of αp also reaches the boundary concentration faster than 

the effluent from the larger value of αp. For the same set of 

parameters and αp values, Figure 11 displays the response of 

the unit impulse function at the conclusion of the first hybrid 

unit. The peak concentration decreases as the orthophosphate 

precipitation rate coefficient (αp) in the river increases, as seen 

in the graph. When (αp) = 0.005 per minute was compared to 

the peak concentration, there was a 2.73 percent drop to when 

αp = 0.001 per min. 

 
Fig. 2 Unit step responses of the HCIS–P model, with decay rate 

coefficient, ka = 0.001 per min and 0.005 per min at the end of first 

hybrid units for T1 = 1.7 min, T2 = 2.3 min, T3= 6.0min, u = 20 m/min 

and ∆x = m 
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Fig. 10 Unit impulse responses of the HCIS–P model, with decay rate 

coefficient, Ka = 0.001 per min and 0.005 per min at the end of first 

hybrid units for T1 = 1.7 min, T2 = 2.3 min, T3= 6.0min, u = 20 m/min 

and ∆x = 200 m 

 
Fig. 11 Unit impulse responses of the HCIS–P model, with decay rate 

coefficient, αp = 0.001 per min and 0.005 per min, at the end of first at 

the end of first (n = 1), second (n = 2), fourth (n = 4) and eighth (n = 8) 

hybrid units T1 = 1.7 min, T2 = 2.3 min, T3= 6.0min, u = 20 m/min and 

∆x = 200 m 

The generated model is used to simulate the unit impulse 

responses of the HCIS-P model at the conclusion of the first, 

second, fourth, and eighth hybrid units for different 

orthophosphate precipitation rate coefficients (Ka) (0.001 and 

0.005 per min). As the number of hybrid units rose, the peak 

concentration and time to peak both decreased. Furthermore, 

as the phosphorus pollutant flowed downstream in the river 

system, its concentration was reduced. With an increase in the 

number of hybrid units, the C-t distribution revealed a longer 

tail in the falling limb. The suggested hybrid model can 

forecast the peak concentration value and time to peak with 

satisfactory accuracy. The C-t profile was getting close to a 

fast rate of spread out of the phosphorus concentration in the 

river, causing a bell-shaped distribution as it traveled 

downstream. 

4.2. Testing of the HCIS-P Model Using Field Data  

From September 2023 to March 2024, the observed 

Phosphorus concentration values from several sample stations 

along the Ureje River were utilized to simulate the HCIS-P 

model, with the simulation results serving as a comparison. To 

run the model simulation, the observed data from phosphorus 

concentration in mg/l from Sampling Point One (SP1) at bi-

weekly intervals from September 11th, 2023, to March 4th, 

2024, were used as step input data to run the Hybrid Cell in 

Series Model (HCIS-P) in order to generate simulated 

phosphorus concentrations at other sampling points such as 

SP2 to SP8 at the downstream location, as shown in Table 3. 

The resultant simulated data is then compared to the initial 

observed data obtained from Sampling Points 2 to 8, as 

indicated in Figures 12 to 18. The HCIS-P model was 

calibrated for simulated phosphorus concentrations in steady-

state conditions. The calibration was carried out using real 

flow data from September 2023 to March 2024 at sampling 

locations SP1 to SP8 (Table 4) and the upstream values of 

observed phosphorus concentration as the boundary condition. 

Calibration was done using a procedure in which one or two 

parameters were modified at a time while the other parameters 

remained constant.  

The implications of new parameter values on the 

simulated outcomes were investigated using a computer 

simulation. Calibration was accomplished by tweaking model 

parameter values until a satisfactory simulation was obtained. 

As a result, the model's calibration was intended to modify the 

kinetics parameters to optimal simulation conditions until the 

predicted values and measured concentration data were agreed 

upon. Both the observed and simulated values of phosphorus 

concentration at the various sampling points, such as SP 2, 3, 

4, 5, 6, 7, and 8, were similarly matched in pattern and 

occurrence during the period between 11th September 2023 

and 4th March 2024, as shown in Figures 14 to 20. The dates 

are September 11th, 2023, through March 4th, 2024. With a rise 

in flow conditions, the detected phosphorus concentration in 

the stream increased, generating a surge in pollutant 

conveyance downstream. The rise in flow was caused by an 

increase in discharge into the river as a result of the heavy rain. 

Similarly, from the 5th of November to the 17th of December 

2023, there was a drop in phosphorus, and both measured and 

simulated data revealed a concentration. A low flow rate 

caused the phosphorus concentration to drop during these 

times. The trends in phosphorus concentration were also 

compared during the months of January to March 2024, and it 

was discovered that the measured and observed values agreed.  



Ayeni. A.T  et al. / IJRES, 11(5), 193-205, 2024 

 

201 

Table 2. Summary Table of the measured phosphorus concentration at sampling points 1 to 8 to include the average discharge (M/s-3 

 Date 
SP1  

Observed 

SP2  

Observed 

SP3  

Observed 

SP4  

Observed 

SP5  

Observed 

SP6  

Observed 

SP7  

Observed 

SP8  

Observed 
Flow 

11/9/2023 0.220 0.210 0.220 0.200 0.210 0.190 0.195 0.180 1.550 

25/9/2023 0.260 0.255 0.262 0.255 0.262 0.260 0.258 0.263 1.600 

9/10/2023 0.280 0.275 0.280 0.260 0.240 0.235 0.240 0.230 1.400 

23/10/2023 0.290 0.280 0.285 0.260 0.265 0.250 0.260 0.255 1.350 

6/11/2023 0.090 0.095 0.080 0.090 0.070 0.080 0.083 0.078 0.150 

20/11/2023 0.085 0.082 0.081 0.079 0.079 0.081 0.080 0.078 0.130 

4/12/2023 0.057 0.053 0.050 0.056 0.058 0.053 0.052 0.055 0.090 

18/12/2023 0.055 0.054 0.042 0.045 0.049 0.049 0.048 0.048 0.093 

1/1/2024 0.090 0.080 0.085 0.070 0.075 0.080 0.065 0.066 0.700 

15/1/2040 0.050 0.053 0.070 0.057 0.058 0.052 0.057 0.051 0.056 

29/1/2024 0.080 0.065 0.067 0.066 0.056 0.050 0.052 0.051 0.680 

5/2/2024 0.100 0.090 0.095 0.100 0.089 0.096 0.095 0.092 0.160 

19/2/2024 0.116 0.097 0.096 0.094 0.094 0.094 0.093 0.092 1.200 

4/3/2024 0.095 0.095 0.090 0.092 0.090 0.092 0.089 0.090 1.150 

Table 3. Summary table of phosphorus concentration generated in sampling points 2 to 8 when values from SP1 were inputed into the HCIS-P model 

Date 
SP1  

Simulated 

SP  

Simulated 

SP3  

Simulated 

SP4  

Simulated 

SP5  

Simulated 

SP  

6 Simulated 

SP7  

Simulated 

SP8  

Simulated 

11/9/2023 0.220 0.208 0.250 0.150 0.140 0.130 0.160 0.150 

25/9/2023 0.260 0.240 0.270 0.220 0.210 0.220 0.254 0.240 

9/10/2023 0.280 0.260 0.240 0.290 0.237 0.230 0.236 0.245 

23/10/2023 0.290 0.250 0.282 0.259 0.240 0.245 0.256 0.241 

6/11/2023 0.090 0.150 0.044 0.089 0.067 0.075 0.090 0.072 

20/11/2023 0.085 0.060 0.068 0.095 0.094 0.095 0.100 0.072 

4/12/2023 0.057 0.051 0.047 0.070 0.055 0.048 0.070 0.075 

18/12/2023 0.055 0.052 0.070 0.044 0.040 0.044 0.044 0.040 

1/1/2024 0.090 0.076 0.130 0.069 0.066 0.075 0.059 0.085 

15/1/2040 0.050 0.049 0.065 0.040 0.060 0.070 0.070 0.080 

29/1/2024 0.080 0.085 0.062 0.059 0.051 0.044 0.080 0.043 

5/2/2024 0.100 0.095 0.090 0.140 0.120 0.110 0.089 0.078 

19/2/2024 0.116 0.150 0.122 0.091 0.070 0.050 0.075 0.120 

4/3/2024 0.095 0.075 0.085 0.060 0.085 0.079 0.083 0.082 
 

Fig. 32 Measured and Simulated phosphorus concentration at SP2 
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Fig. 13 Measured and Simulated phosphorus concentration at SP3 

 
Fig. 14 Measured and Simulated phosphorus concentration at SP4 

Fig. 15 Measured and Simulated phosphorus concentration at SP5 
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Fig. 16 Measured and Simulated phosphorus concentration at SP6 

 
Fig. 17 Measured and Simulated phosphorus concentration at SP7 

 
Fig. 18 Measured and Simulated phosphorus concentration at SP5
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5. Conclusion 
In conclusion, the Hybrid Cell in Series (HCIS) Model 

has demonstrated its effectiveness as a reliable alternative for 

solving solute transport in surface water bodies. Its strength 

lies in its ability to simulate both advection and dispersion 

processes by combining a plug flow cell with two well-mixed 

cells in series. This configuration provides the model with an 

advantage over other water quality monitoring tools, 

particularly in its capacity to simulate nutrient movement with 

greater precision. One of its distinguishing features is the plug 

flow component, which enables the model to accurately 

predict the first-time arrival of solutes at various sampling 

points—a critical aspect that many traditional models fail to 

capture effectively.  

The effectiveness of the HCIS model was validated 

through phosphorus concentration simulations in the Ureje 

River, using real-world data collected from multiple sampling 

stations over several months. In the simulation, key 

hydrodynamic parameters such as flow characteristics, 

channel geometry, and dispersion coefficients were integrated 

to create a realistic representation of the river system. 

Additionally, the model factored in nitrification, 

denitrification, and algal growth rates during nutrient 

simulations, allowing for a comprehensive analysis of nutrient 

transport and transformations.  

The model’s predictions of nutrient concentration 

changes closely matched the actual measured values, 

demonstrating its robustness even under varying conditions of 

precipitation and flow rates. Given these capabilities, the 

HCIS model emerges as a valuable tool for river quality 

monitoring agencies, providing them with accurate 

assessments of nutrient pollution levels. This is particularly 

important for managing and mitigating the impacts of nutrient 

overloading in water bodies, which can lead to problems like 

eutrophication. However, it is also important to acknowledge 

certain limitations of the model. For instance, it assumes that 

river reaches are prismatic (uniform in cross-section), and it 

applies constant parameters within each reach, which may not 

fully reflect the complexities of natural river systems. Despite 

these constraints, the HCIS model shows great potential for 

advancing nutrient transport predictions and can significantly 

enhance water quality management efforts in surface water 

systems. Lastly, several strategies can be employed to mitigate 

phosphorus pollution in rivers like the Ureje. One key 

approach is the implementation of buffer zones along 

riverbanks, where vegetation absorbs and filters out excess 

phosphorus from agricultural runoff before it reaches the 

water. Additionally, promoting sustainable agricultural 

practices, such as reducing fertilizer use and optimizing 

nutrient management, can minimize phosphorus runoff. 

Constructed wetlands can also be introduced. 
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